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Deep Learning Gradient Descent

Outline

• Finding the Best Parameter Set

• Loss Optimization

• Global Minima and Local Minima

• Gradient Descent

• Stochastic Gradient Descent

• Mini-Batch Stochastic Gradient Descent

• Initial Condition

• Learning Rate
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Deep Learning Gradient Descent

Finding the Best Parameter Set

• To optimize the output/ accuracy of the model, we have to find
the best parameter set; however, how can we achieve this
problem…?

• In practical, we leverage loss/ cost/ error function or reward
function to determine the performance of each parameter set.

• Taking the loss function as an example, all you have to do is to
find the parameter set, returning a (global or local) minima loss.
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Deep Learning Gradient Descent

Finding the Best Parameter Set
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Deep Learning Gradient Descent

Finding the Best Parameter Set
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Deep Learning Gradient Descent

Finding the Best Parameter Set
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𝜎(𝑤1𝑎1 +𝑤2𝑎2 +⋯+𝑤𝑛𝑎𝑛 + 𝑏)
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Finding the Best Parameter Set
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Deep Learning Gradient Descent

Finding the Best Parameter Set
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Loss/ Cost/ Error

𝐶(𝑤1
1, 𝑤2

1, 𝑤3
1, … ,𝑤1

2, 𝑤2
2, … , 𝑤𝑛

ℎ, … , 𝑏1, 𝑏2, … , 𝑏ℎ)

Weights Biases

Target: minimize the loss/ cost/ error of outputs
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Loss Function and Optimization
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Cost

Weights & Biases

{Weights, Biases}

C(W,b)

Finding the optimal solution = the smallest loss
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Loss Function and Optimization
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Cost

Weights & Biases

{Weights, Biases}

Finding the optimal solution = the smallest loss

Along with the curve down, … to the valley…

𝑦 = 𝑎𝑥 + 𝑏



Deep Learning Gradient Descent

Global Minima and Local Minima
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Cost

Weights & Biases

Local Minima

Global Minima

How to find the global minima?

Or just a better local minima?
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Gradient Descent

Assume that 𝜃 has only one variable…

• Randomly initiate at 𝜃0

• Compute
𝑑𝐶 𝜃0

𝑑𝜃
: 𝜃1 ← 𝜃0 − 𝜂

𝜕 𝜃0

𝜕𝜃

• Compute
𝑑𝐶 𝜃1

𝑑𝜃
: 𝜃2 ← 𝜃1 − 𝜂

𝜕 𝜃1

𝜕𝜃

• …

➔ 𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖

where 𝜂 is the learning rate
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Which way?

How does it work?

𝜃0 𝜃1

𝑪(𝜽)

𝜽



Deep Learning Gradient Descent

Gradient Descent

Assume that 𝜃 has only one variable…

• Randomly initiate at 𝜃0 =
𝜃1
0

𝜃2
0

• Compute the gradients of 𝐶(𝜃) at 𝜃0 :

∇𝜃𝐶 𝜃0 :

𝜕𝐶 𝜃1
0

𝜕𝜃1

𝜕𝐶 𝜃2
0

𝜕𝜃2

• Update:
𝜃1
1

𝜃2
1 =

𝜃1
0

𝜃2
0 − 𝜂

𝜕𝐶 𝜃1
0

𝜕𝜃1

𝜕𝐶 𝜃2
0

𝜕𝜃2

• Compute the gradients of 𝐶(𝜃) at 𝜃1:

∇𝜃𝐶 𝜃1 :

𝜕𝐶 𝜃1
1

𝜕𝜃1
𝜕𝐶 𝜃2

1

𝜕𝜃2
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𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖
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FNN (fully connected feedforward network)
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𝑥1
𝑥2
𝑥3
⋮
𝑥𝑛

⋮ ⋮ ⋮

⋯

⋯
⋯

⋯

𝑦1
𝑦2
𝑦3

𝑦𝑚

Vector

𝒙
Vector

𝐲

Input Layer 1 Layer 2 Layer L Output

𝒙 𝒂𝟏 𝒂𝟐 𝒂𝑳

𝑾𝟏, 𝒃𝟏 𝑾𝟐, 𝒃𝟐 𝑾𝑳, 𝒃𝑳

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿…𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿



Deep Learning Gradient Descent

Gradient Descent

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿 …𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿

𝜃 = 𝑊1, 𝑏1,𝑊2, 𝑏2, … ,𝑊𝐿 , 𝑏𝐿

𝑊𝑙 =
𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

, 𝑏𝑙 =
⋮
𝑏𝑖
𝑙

⋮

∇𝐶 𝜃 =

⋮
𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐶 𝜃

𝜕𝑏𝑖
𝑙
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Algorithm

Initialization: start at 𝜃0

while (𝜃 𝑖+1 ≠ 𝜃𝑖)
{

compute the gradients at 𝜃𝑖

update parameters

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖

}



Deep Learning Gradient Descent

Gradient Descent – Simple Case | Square Loss

• Update three parameters for 𝑡 − 𝑡ℎ iteration

𝑤1
𝑡+1

= 𝑤1
𝑡
− 𝜂

𝜕𝐶 𝜃 𝑡

𝜕𝑤1

𝑤2
𝑡+1

= 𝑤2
𝑡
− 𝜂

𝜕𝐶 𝜃 𝑡

𝜕𝑤2

𝑏1
𝑡+1

= 𝑏1
𝑡
− 𝜂

𝜕𝐶 𝜃 𝑡

𝜕𝑏1
Square loss

𝐶 𝜃 =

∀𝑥

ො𝑦 − 𝑓 𝑥; 𝜃 = ො𝑦 − 𝑓 𝑥; 𝜃
2
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𝑤1
𝑖+1

𝑤2
𝑖+1

𝑏𝑖+1
←

𝑤1
𝑖

𝑤2
𝑖

𝑏𝑖
− 𝜂

𝜕𝐶 𝜃

𝜕𝑤1
𝜕𝐶 𝜃

𝜕𝑤2

𝜕𝐶 𝜃

𝜕𝑏



Deep Learning Gradient Descent

• Square Loss
𝜕𝐶 𝜃

𝜕𝑤1
=

𝜕

𝜕𝑤1
𝑓 𝑥; 𝜃 − ො𝑦 2

𝜕𝐶 𝜃

𝜕𝑤1
= 2 𝑓 𝑥; 𝜃 − ො𝑦

𝜕

𝜕𝑤1
𝑓 𝑥; 𝜃

𝜕𝐶 𝜃

𝜕𝑤1
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦

𝜕

𝜕𝑤1
𝜎 𝑊𝑥 + 𝑏
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Gradient Descent – Simple Case | Square Loss

𝑓 𝑥; 𝜃 = 𝜎 𝑊𝑥 + 𝑏
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𝜕𝜎 𝑊𝑥 + 𝑏

𝜕𝑤1
=
𝜕𝜎 𝑊𝑥 + 𝑏

𝜕 𝑊𝑥 + 𝑏

𝜕 𝑊𝑥 + 𝑏

𝜕𝑤1

Chain rule:
𝜕𝑔

𝜕𝑥
=
𝜕𝑔

𝜕𝑓

𝜕𝑓

𝜕𝑥
𝜕𝑔 𝑧

𝜕𝑧
= 1 − 𝑔 𝑧 𝑔 𝑧 ,𝑤ℎ𝑒𝑟𝑒 𝑔 𝑧 =

1

1 + 𝑒−𝑥

= 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏
𝝏 𝑾𝒙 + 𝒃

𝝏𝒘𝟏
𝝏 𝑾𝒙 + 𝒃

𝝏𝒘𝟏
=
𝜕(𝑤1𝑥1 +𝑤2𝑥2 + 𝑏)

𝜕𝑤1
= 𝑥1 ⟹ 1− 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥1

𝜕𝐶 𝜃

𝜕𝑤1
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥1
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Gradient Descent – Simple Case | Square Loss



Deep Learning Gradient Descent

Update three parameters for 𝑡 − 𝑡ℎ iteration

𝑤1
𝑡+1 = 𝑤1

𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑤1
𝜕𝐶 𝜃

𝜕𝑤1
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥1

𝑤2
𝑡+1 = 𝑤2

𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑤2

𝜕𝐶 𝜃

𝜕𝑤2
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥2

𝑏 𝑡+1 = 𝑏 𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑏
𝜕𝐶 𝜃

𝜕𝑏
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏
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Gradient Descent – Simple Case | Square Loss

𝑥1

𝑥2

𝑏1

+ 𝜎 𝑧 𝑦

𝑤1
𝑤2 𝑧



Deep Learning Gradient Descent

Algorithm

Initialization: set parameter 𝜃, 𝑏 at random

while (does not meet the terminating criteria)

{

for training sample {𝑥, ො𝑦}, compute gradient and update parameters   
𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖

}

Chun-Hsiang Chan 20

Gradient Descent – Simple Case | Square Loss

𝑤1
𝑡+1 = 𝑤1

𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑤1
|
𝜕𝐶 𝜃

𝜕𝑤1
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥1

𝑤2
𝑡+1 = 𝑤2

𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑤2
|
𝜕𝐶 𝜃

𝜕𝑤2
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏 𝑥2

𝑏 𝑡+1 = 𝑏 𝑡 − 𝜂
𝜕𝐶 𝜃 𝑡

𝜕𝑏
|
𝜕𝐶 𝜃

𝜕𝑏
= 2 𝜎 𝑊𝑥 + 𝑏 − ො𝑦 1 − 𝜎 𝑊𝑥 + 𝑏 𝜎 𝑊𝑥 + 𝑏



Deep Learning Gradient Descent

Gradient Descent

𝑦 = 𝑓 𝑥 = 𝜎 𝑊𝐿 …𝜎 𝑊2𝜎 𝑊1𝑥 + 𝑏1 + 𝑏2 …+ 𝑏𝐿

𝜃 = 𝑊1, 𝑏1,𝑊2, 𝑏2, … ,𝑊𝐿 , 𝑏𝐿

𝑊𝑙 =
𝑤11
𝑙 𝑤12

𝑙 ⋯

𝑤21
𝑙 𝑤22

𝑙 ⋯
⋮ ⋮ ⋱

, 𝑏𝑙 =
⋮
𝑏𝑖
𝑙

⋮

∇𝐶 𝜃 =

⋮
𝜕𝐶 𝜃

𝜕𝑤𝑖𝑗
𝑙

⋮
𝜕𝐶 𝜃

𝜕𝑏𝑖
𝑙

Chun-Hsiang Chan 21

Algorithm

Initialization: start at 𝜃0

while (𝜃 𝑖+1 ≠ 𝜃𝑖)
{

compute the gradients at 𝜃𝑖

update parameters

𝜃𝑖+1 ← 𝜃𝑖 − 𝜂∇𝜃𝐶 𝜃𝑖

}

Gradient descent in neural network requires to update millions of parameters …

However, it is time-consuming and an inefficient process…

Therefore, we will introduce another solution – backpropagation.



Deep Learning Gradient Descent

Gradient Descent Problem

𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶 𝜃𝑖

𝐶 𝜃 =
1

𝐾


𝑘

𝑓 𝑥𝑘; 𝜃 − ෞ𝑦𝑘 =
1

𝐾


𝑘

𝐶𝑘 𝜃

∇𝐶 𝜃𝑖 =
1

𝐾


𝑘

∇𝐶𝑘 𝜃𝑖

According to this formula, the parameters will be updated after

processing all training samples ➔ too slow & inefficient process
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Deep Learning Gradient Descent

Stochastic Gradient Descent (SGD)

Gradient Descent

𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶 𝜃𝑖 , ∇𝐶 𝜃𝑖 =
1

𝐾


𝑘

∇𝐶𝑘 𝜃𝑖

Stochastic Gradient Descent (SGD)

➔Select a training sample 𝑥𝑘

𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶𝑘 𝜃𝑖

➔If all training samples have same probability (uniform probability) to be selected

𝐸 ∇𝐶𝑘 𝜃𝑖 =
1

𝐾


𝑘

∇𝐶𝑘 𝜃𝑖

Chun-Hsiang Chan 23

The model updates after processing each selected 

training sample ➔ much faster
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Epoch Definition

Pick 𝑥1 𝜃1 = 𝜃0 − 𝜂∇𝐶1 𝜃0

Pick 𝑥2 𝜃2 = 𝜃1 − 𝜂∇𝐶2 𝜃1

Pick 𝑥𝑘 𝜃𝑘 = 𝜃𝑘−1 − 𝜂∇𝐶𝑘 𝜃𝑘−1

Pick 𝑥𝐾 𝜃𝐾 = 𝜃𝐾−1 − 𝜂∇𝐶𝐾 𝜃𝐾−1

Pick 𝑥1 𝜃𝐾+1 = 𝜃𝐾 − 𝜂∇𝐶1 𝜃𝐾

Chun-Hsiang Chan 24

One Epoch

Divide
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Gradient Descent & Stochastic Gradient Descent

Chun-Hsiang Chan 25

𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐

𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐

Gradient Descent Stochastic Gradient Descent

1 epoch

Process all samples
Process ONE sample
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Gradient Descent & Stochastic Gradient Descent

• Theoretically, the training

speed of stochastic gradient

descent will be much faster

than gradient descent

because the update frequency

of SGD is higher than gradient

descent.

• However, … is it good enough

for parameter optimization in

neural network?

Chun-Hsiang Chan 26

𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐
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Mini-Batch Stochastic Gradient Descent

Chun-Hsiang Chan 27

Batch Gradient Descent 𝜃𝑖+1 = 𝜃𝑖 − 𝜂
1

𝐾


𝑘

∇𝐶𝑘 𝜃𝑖 Use all 𝐾 samples

in each iteration

Stochastic Gradient Descent 

Select ONE training sample 𝑥𝑘
𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶𝑘 𝜃𝑖

Use 1 samples in

each iteration

Mini-Batch SGD

Select a SET of B training

samples of each iteration as a

batch

𝜃𝑖+1 = 𝜃𝑖 − 𝜂
1

𝐵


𝑥𝑘∈𝑏

∇𝐶𝑘 𝜃𝑖 Use all 𝐵 samples

in each iteration
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Mini-Batch Stochastic Gradient Descent

Chun-Hsiang Chan 28https://blog.51cto.com/u_13393656/3312623

Algorithm 8.1 Stochastic gradient descent (SGD) update at training iteration k

Require: Learning rate 𝜖𝑘.

Require: Initial parameter 𝜽
while stopping criterion not met do

Sample a minibatch of 𝒎 examples from the training set 𝒙 𝟏 , … , 𝒙 𝒎 with 

corresponding targets 𝒚 𝒊 .

Compute gradient estimate: ෝ𝒈 ← +
1

𝑚
∇𝜃 σ𝑖 𝐿 𝒇 𝒙 𝒊 ; 𝜽 , 𝒚 𝒊

Apply update: 𝜽 ← 𝜽 − 𝝐ෝ𝒈
end while
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Mini-Batch Stochastic Gradient Descent

• Training speed: mini-batch > SGD > gradient descent

Chun-Hsiang Chan 29

1 10 100 1000 10000 100000 full

SGD Gradient DescentMini-Batch SGD
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Mini-Batch Stochastic Gradient Descent

• Stochastic Gradient Descent
⋮
𝑧
⋮
=

⋮ ⋮ ⋯
⋮ 𝑊 ⋯
⋮ ⋮ ⋱

⋮
𝑥
⋮
,
⋮
𝑧
⋮
=

⋮ ⋮ ⋯
⋮ 𝑊 ⋯
⋮ ⋮ ⋱

⋮
𝑥
⋮
, …

• Mini-Batch Stochastic Gradient Descent
⋮
𝑧
⋮

⋮
𝑧
⋮
=

⋮ ⋮ ⋯
⋮ 𝑊 ⋯
⋮ ⋮ ⋱

⋮
𝑥
⋮

⋮
𝑥
⋮
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Vectors merges

in a Matrix

Vectors merges

in a Matrix
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Mini-Batch Solve All Training Problems?

Chun-Hsiang Chan 31

𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐

Local minima

Global minima

How to avoid obtaining a solution with a local minima?
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In Addition to Parameter Optimization,…

Chun-Hsiang Chan 32

𝑪(𝜽𝟏, 𝜽𝟐)

𝜽𝟏 𝜽𝟐

Start here Start here

Two major factors have strong impacts on model training:

initial condition and learning rate.

Start here



Deep Learning Gradient Descent

Learning Rate

Chun-Hsiang Chan 33

Left: Illustration of SGD optimization with a typical learning rate schedule. The model converges to a 

minimum at the end of training. Right: Illustration of Snapshot Ensembling. The model undergoes several 

learning rate annealing cycles, converging to and escaping from multiple local minima. We take a snapshot 

at each minimum for test-time ensembling.

https://arxiv.org/pdf/1704.00109.pdf

𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶𝑘 𝜃𝑖
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𝜃𝑖+1 = 𝜃𝑖 − 𝜂∇𝐶𝑘 𝜃𝑖

A cartoon depicting the effects of different
learning rates. With low learning rates the
improvements will be linear. With high
learning rates they will start to look more
exponential. Higher learning rates will decay
the loss faster, but they get stuck at worse
values of loss (green line). This is because
there is too much "energy" in the optimization
and the parameters are bouncing around
chaotically, unable to settle in a nice spot in
the optimization landscape.

https://cs231n.github.io/neural-networks-3/
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• Shuffle training samples before each epoch
• Avoid overfitting problem

• Use a fixed batch size for each epoch
• Accelerate the multiplication speed of matrix computation

• Define an appropriate learning rate for the batch size
• A larger batch size requires a smaller learning rate

• A smaller batch size requires a larger learning rate

• Enroll a validation dataset and testing dataset
• Avoid overfitting problem

• Validate the model performance

http://stackoverflow.com/questions/13693966/neural-net-selecting-data-for-each-mini-batch 
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Overfitting Issue
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Techniques to reduce overfitting:

1. Increase training data.

2. Reduce model complexity.

3. Early stopping during the training phase (have an 

eye over the loss over the training period as soon 

as loss begins to increase stop training).

4. Ridge Regularization and Lasso Regularization

5. Use dropout for neural networks to tackle overfitting.

https://www.geeksforgeeks.org/underfitting-and-overfitting-in-machine-learning/
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Thank you for your attention!


